
OUTLINE

• Astrophysics

• CFD(Jargon)

• StabilityAnalysis

• Philosophy(Shouldyoubelieve the results?)

http://www.astro.lsa.umich.edu/users/hughes—Teaching

1



Astrophysics
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? Theobjectsarenon-WYSIWYG!!

? Wesee synchrotronradiation frome−/e+ in someB; particle energydistribution is
nonthermal; verydiffuse.

? Flow looksfluid-likebecause

. λ ≡ 1/nσ >> L

but

. rL ≡ mv/eB << L

andeven fordynamically insignificantBwecanhave

. B ∼ δB,LB << L
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? Data imply relativistic, collimated“fluid”flow.

? CanuseCFD,etc. tounderstandpropertiesof suchflows.

? But—bewarecomparisonwithdata.

. Radiation is fromnonthermalparticles, inB but bothare inferred indirectly,not
computed!

. Lineof sight integrationandrelativistic effects(*) leadto lossofdetail/confusion.

(*)Relativistic effects: boost, timedelay (c = 1).

Iν (ν) = D
3Iν′

(

ν′
)

D =
1

γ (1− v cos θ)

γ =
1

(1− v2)1/2
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CFD

• Expressphysicsas conservationofmass,momentum,energy.

• Discretize spatially (andtemporally) intopiecewise constantvalues.

• A1-Dconservation lawof form(NB.nosources)

Ut + FUUx = 0

has involumeaveraged form

∂Ui

∂t
+

1

∆x
ΣkFk · nk = 0

or
∆Ui

∆t
+

1

∆x

(

Fi+1/2 − Fi−1/2

)

= 0

• Update solutionbycomputingfluxes (notephysicalbasis)bysolvingRiemann
problemateachcell interface (exactlyorapproximately). Robustbut inaccurate.

• Gainaccuracyby ‘reconstructing’ cell valuesonL/Rthrough, e.g. piecewise linear
method–“2ndorder scheme”. Achievecomparableaccuracy in timebycomputing
solution/fluxat1/2 timestep (predictor-correctormethod).

• Somerobustness lost; applya slope limiter togetTVDbehavior

TV = Σi|Ui+1 − Ui|

–still 2ndorder in smoothregions.
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StabilityAnalysis

Consideraplane, incompressibleflowwithnogravity, surface tensionorviscosity.

Momentum:
ρ (∂/∂t+ v · ∇)v = −∇p

Continuity:
∂ρ/∂t+ v · ∇ρ = 0

Incomp.
∇ · v = 0

Equilibrium(Initial)State:
v = (v0 (z) , 0, 0)

ρ = ρ (z)

Perturbations:
v =

(

v0 + δvx, δvy, δvz
)

ρ = ρ0 + δρ

p = p0 + δp
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Linearize:

ρ0
∂δvx
∂t

+ ρ0v0
∂δvx
∂x

+ ρ0δvz
∂v0

∂z
= −

∂δp

∂x

ETC.

NormalModesAnalysis:

δQ = δQ0 exp
[

iωt+ ikxx+ ikyy
]

NB.Noz!!

Leads to

ρ0i (ω + v0kx) δvx + ρ0δvz∂v0/∂z + ikxδp = 0

ETC.
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Eliminate:
D ≡ ∂/∂z

D (ρ0 (ω + v0kx)Dδvz)−D (kxρ0δvzDv0)− k2ρ0 (ω + v0kx) δvz = 0

Specialize tovortex sheet:

v0 = v
[1]
0 , z > zs

v0 = v
[2]
0 , z < zs

similarly forρ. Will letzs = 0.
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Foreither region (1)or (2)
(

D2 − k2
)

δvz = 0

Thus

δvz = C1 exp (−kz) + C2 exp (+kz)

where evidently
C1 = 0, z < 0; C2 = 0, z > 0

Choiceof constants is abit subtle!

δvz|z=zs =
d

dt
δz|z=zs

or, linearizing

δvz|z=zs =
∂

∂t
δzs + v0|s

∂

∂x
δzs

normalmodes:
δvz|z=zs = i (ω + kxv0|s) δzs
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whence

δzs ∝
δvz|z=zs

(ω + kxv0|s)

LHS is continuousat interface, sowemusthave

δvz|z=zs ∝ (ω + kxv0|s)

somust choose

C1,2 = C
(

ω + kxv
[1,2]
0

)
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Matchatboundary

lim
ε→0

∫ zs+ε

zs−ε
LHS dz = 0

TYPE-1terms:

lim
ε→0

∫
[

d

dz
Q

]

dz ⇒ ∆sQ

where∆sQ ≡ Q|zs+0 −Q|zs−0.

TYPE-2terms:

lim
ε→0

∫

Qdz ⇒ 0

Thus,finally,

∆s{ρ0 (ω + kxv0)Dδvz − kxρ0δvzDv0} = 0

Dδvz is known,Dv0 = 0.
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Putting it all together:

α1,2 ≡
ρ
[1,2]
0

ρ
[1]
0 + ρ

[2]
0

WegetaDISPERSIONRELATION

ω = −kx

(

α1v
[1]
0 + α2v

[2]
0

)

±

(

−k2
xα1α2

(

v
[1]
0 − v

[2]
0

)2
)1/2

Givensomekx
δQ ∝ exp [iωt] ∝ exp [−= (ω) t] exp [i< (ω) t]

First termdeterminesgrowth timescale, formodeof frequency in secondterm.

Foraperturbed jet,wewould setω, findk and

= (k)⇒ GrowthLength

< (k)⇒Wavelengthof mode

Therewill be integernumberofnodesaround jet circumference,pressurenulls on
radius.
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Philosophy

Neverflyinaplanedesignedbyanastronomer.

Numerical schemes that experience suggestsare“robust”getusedwith fewchecks,
andapplied inunexploredpartsofparameter space.

Wecoulddobetter:

(Local)vonNeumannStabilityAnalysis

Q (x)n = GnQ0 exp [ikx]

Qn+1

Qn =
Gn+1

Gn ≡ G

Is

|G| < 1

for some∆x,∆t? Needtocheckat eachplace/time,butcouldat least subsample.
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Givenevidenceof stability,use

LaxTheorem

‖QT −Qn‖ ∝ ∆xα

Compute formultiple∆x, thusestimate“error” innumerical solution.

Butusually canbarelyget result forone∆xofuseful resolution, inavailable cycles.

Trend is toget sanitychecks frommelding simulation/analysis/data into
self-consistentpicture.

Thatalso coverspossibilityofquite spuriousphysics from,e.g.,wrongmicrophysics
in

Re ≡
UL

ν
Rm ≡

UL

η
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